We will show that every Q-polynomial distance-regular graph with diameter d ≥ 2 and intersection number a 1 = 0 is 1-homogeneous in the sense of Nomura.
Introduction
Let Γ denote a Q-polynomial distance-regular graph with diameter d ≥ 2 and intersection numbers c i , a i , b i . We will show that if a 1 = 0 then Γ is 1-homogeneous in the sense of Nomura [7] . We will also give explicit formulae for the parameters of the equitable partition of the vertices of Γ , corresponding to the distance from a pair of adjacent vertices x and y. To obtain our results, we use Terwilliger's "balanced set" characterization of the Q-polynomial property [8] .
The Hermitean forms graphs with r = 2 (see Brouwer et al. [2, Section 9.5 .C]) and the Witt graph M 23 (see Brouwer et al. [2, Section 11.4.B] ) provide examples of Q-polynomial distance-regular graphs with a 1 = 0.
After some preliminaries in the next section, we will discuss the 1-homogeneous and the Q-polynomial property in Sections 3 and 4. We will prove the main theorem and some of its consequences in Sections 5 and 6. In Section 7 we will discuss the Hermitean form graphs.
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Preliminaries
In this section, we review some definitions and basic concepts. See the book by Brouwer et al. [2] for more background information.
Throughout this paper, Γ will denote a finite, undirected, connected graph, without loops or multiple edges, with vertex set V Γ , edge set EΓ , path length distance function ∂, and diameter d := max{∂(x, y) | x, y ∈ V Γ }. For a vertex x ∈ V Γ define Γ i (x) to be the set of vertices at a distance i from x. We abbreviate Γ (x) := Γ 1 (x). The graph Γ is said to be distance-regular whenever for all integers h, i, j (0 ≤ h, i, j ≤ d), and all x, y ∈ V Γ with ∂(x, y) = h, the number
is greater than the sum of the other two, and that p h
is equal to the sum of the other two.
From now on we assume Γ is distance-regular with diameter d ≥ 2. For each integer i (0 ≤ i ≤ d), the i th distance matrix A i has rows and columns indexed by V Γ , and x, y entry
Observe A 0 is the identity matrix and A 1 is the adjacency matrix of Γ . Furthermore, we have (i)
The matrices A 0 , A 1 , . . . , A d form a basis for a commutative semi-simple R-algebra M, known as the Bose-Mesner algebra, see for example Godsil [4, Lemma 11.2.2] . The algebra M has a second basis E 0 , E 1 , . . . , E d such that [1, p. 197 ]. The θ 0 , θ 1 , . . . , θ d are known as the eigenvalues of Γ .
For notational convenience, we identify V Γ with the standard orthonormal basis in the Euclidean space V , , , where V = R |V Γ | (column vectors), and where , is the dot product
Let Γ denote a distance-regular graph with diameter d ≥ 2, let θ denote an eigenvalue of Γ , and let E denote the associated primitive idempotent. Define real numbers θ *
We call the sequence θ * 0 , θ * 1 , . . . , θ * d the dual eigenvalue sequence associated with θ , E. The sequence is trivial whenever E = E 0 (in which case θ * 0 = θ * 1 = · · · = θ * d = 1). In the following lemma, we cite a well-known result regarding primitive idempotents. 
The 1-homogeneous property
In this section, we recall the 1-homogeneous property.
Definition 3.1. Let Γ denote a distance-regular graph with diameter d ≥ 2 and let x, y denote adjacent vertices in V Γ . For all non-negative integers i and j we define
We visualize the D i j in Fig. 1 . 
An equitable partition of a graph is a partition π = {C 1 , C 2 , . . . , C s } of its vertex set into nonempty cells, such that for all i, j (1 ≤ i, j ≤ s) the number c i j of neighbours, which a vertex in the cell C i has in the cell C j , is independent of the choice of the vertex in C i . We call c i j the corresponding parameters.
Let Γ denote a distance-regular graph with diameter d ≥ 2. The graph Γ is said to be 1-homogeneous, whenever for all pairs x, y of adjacent vertices, the partition of V Γ given by
is equitable, and moreover the corresponding parameters are independent of the choice of x, y. Since every distance-regular graph with diameter d = 2 and intersection number a 1 = 0 is obviously 1-homogeneous, we assume from now on d ≥ 3.
Recall Γ is bipartite whenever the intersection number a i = 0 for 0 ≤ i ≤ d. We say Γ is almost bipartite whenever a i = 0 for 0 ≤ i ≤ d − 1 and a d = 0. Observe that bipartite and almost bipartite distance-regular graphs are 1-homogeneous.
The Q-polynomial property
Let Γ denote a distance-regular graph with diameter d ≥ 3. The Krein parameters
where • denotes entrywise multiplication. We say Γ is Q-polynomial (with respect to the given ordering E 0 , E 1 , . . . , E d of the primitive idempotents), whenever for all distinct
Let E denote a nontrivial primitive idempotent of Γ . We say Γ is Q-polynomial with respect to E whenever there exists an ordering E 0 , E 1 = E, . . . , E d of the primitive idempotents of Γ , with respect to which Γ is Q-polynomial. We have the following useful lemmas about Q-polynomial distance-regular graphs. 
The main theorem
In this section we prove that if Γ is Q-polynomial with a 1 = 0, then Γ is 1-homogeneous. We will be discussing the following situation.
Definition 5.1. Let Γ denote a distance-regular graph with diameter d ≥ 3 and intersection number a 1 = 0, which is Q-polynomial with respect to a primitive idempotent E, and let θ * 0 , θ * 1 , . . . , θ * d denote the corresponding dual eigenvalue sequence. We fix adjacent vertices x, y of Γ and let D i j denote the corresponding sets as in Definition 3.1. Theorem 5.2. With reference to Definition 5.1 the following (i)-(iii) hold.
.
(ii) For all integers i (2 ≤ i ≤ d) such that a i = 0, and for all z ∈ D i i ,
such that a i = 0, and for all z ∈ D i i ,
We remark that the denominators in the above quotients are nonzero by Lemma 4.1(i).
Proof. We split the proof into several cases.
Case 1. Let z be a vertex in D 1 2 ∪ D 2 1 . Then z has no neighbours in D 1 1 since D 1 1 = ∅. Case 2. Let z be a vertex in D 2 2 . Then z has no neighbours in D 1 1 since D 1 1 = ∅. We abbreviate τ = |Γ (z) ∩ D 3 3 | and η = |Γ (z) ∩ D 3 2 |. We observe τ + η = b 2 . By Lemma 4.2 we have
Taking the inner product of (1) with E y using Lemma 2.1(ii), we get (after multiplying by |V Γ |)
Evaluating the above line using η = b 2 − τ , we obtain
Taking the inner product of (2) with E y using Lemma 2.1, we get (after multiplying by |V Γ |)
Evaluating the above line using ζ = a i−1 − ρ we obtain
Again, taking the inner product of (3) with E y using Lemma 2.1 we get
Evaluating the above line using δ = c i − σ we obtain
Again, taking the inner product of (4) with E y using Lemma 2.1 we get
Evaluating the above line using γ = b i − τ we obtain
. Lemma 5.3. With reference to Definition 5.1 the following holds. Pick an integer i
. 
Comments on the intersection numbers
Let Γ denote a Q-polynomial distance-regular graph with diameter d ≥ 3 and intersection number a 1 = 0. In this section we show that Γ is either bipartite, almost bipartite, or a i = 0 for 2 ≤ i ≤ d. We will use the following two lemmas. Lemma 6.1. Let Γ denote a Q-polynomial distance-regular graph with diameter d ≥ 3 and intersection number a 1 = 0. Suppose there exists an integer i (2 ≤ i ≤ d − 1) such that a i = 0. Then with reference to Definition 3.1 the following (i)-(iii) hold.
i+1 | = 0. By Lemma 5.3 we have either θ * 1 = θ * i+1 or θ * i−1 = θ * i . But this is in contradiction with Lemma 4.1(i). (ii), (iii) now follow immediate from (i) above. Lemma 6.2. Let Γ denote a Q-polynomial distance-regular graph with diameter d ≥ 3 and intersection number a 1 = 0. Suppose there exists an integer i (3 ≤ i ≤ d − 1) such that a i = 0. Then with reference to Definition 3.1 the following (i)-(iii) hold.
Proof. Similar to the proof of Lemma 6.1. Theorem 6.3. Let Γ denote a Q-polynomial distance-regular graph with diameter d ≥ 3 and intersection number a 1 = 0. Then exactly one of the following (i)-(iii) hold.
Proof. Immediate from Lemmas 6.1 and 6.2.
An example
In this section, we recall the Hermitean forms graph. Let Γ be a Hermitean forms graph for a prime power r and let d denote the diameter of Γ . Then the intersection numbers of Γ are given by 
Let θ denote the minimal eigenvalue of Γ 
For the rest of this section assume r = 2. In this case we have a 1 = 0; therefore Γ is 1-homogeneous by Corollary 5.4. The parameters of the corresponding equitable partition are given by the following theorem and Lemma 3.2. We remark a 2 = 3. Since a 2 = 0 we find a i = 0 for 2 ≤ i ≤ d in view of Theorem 6.3(iii). We conclude the paper with the following conjecture. 
